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a b s t r a c t
This paper investigates the Targeted Energy Transfer (TET) between an acoustic medium inside a
parallelepiped cavity and a thin viscoelastic membrane that is mounted on one wall of the cavity and
that is working as a Non-linear Energy Sink (NES). Applying a harmonic source excitation inside the
cavity, we look for reducing the resonance peaks of the acoustic cavity by mean of the so-called “Strongly
Modulated Response” (SMR). Using a single term harmonic balance approach, we determine analytical
simpliﬁed expressions for the non-linear normal modes (NNMs) and the periodic forced responses of
this coupled system. We deﬁne the “desired working zone” for the NES as the forcing level interval
between the ﬁrst destabilization of the resonance peak (TET beginning) and the appearance of an
additional branch of periodic regimes. An analytical formula is derived for the beginning of TET while the
appearance of the undesired periodic regimes is obtained numerically. These results prove to be useful
for the practical design of NES to be mounted on an acoustic cavity.
& 2014 Elsevier Ltd.
1. Introduction
A new passive technique for reducing noise and vibration is to use
purely non-linear absorbers working on the principle of “Targeted
Energy Transfer” or “energy pumping”. The concept of TET was ﬁrst
proposed by Vakakis and Gendelman [1,2], in 2001. We often speak
of the Non-linear Energy Sink for a purely non-linear absorber.
The dynamics of a non-linear absorber were described in detail
in [2,3] in terms of resonance capture and non-linear normal modes.
Compared to classical passive systems, the non-linear absorber has
the advantage of working in a wide frequency band. The ﬁrst
experimental demonstration of the TET phenomenon was published
in 2005 [4]. Since then, several theoretical and experimental studies
have been made in view of applications in the ﬁeld of mechanical
vibrations [5–8]. Recently the NES concept found successful imple-
mentations not only in vibration attenuation of the unwanted
mechanical vibrations, but also in the acoustic ﬁeld where the
aforementioned methodology is used for a passive sound control in
low frequency domain. Cochelin et al. [9] and Bellet et al. [10] have
conducted a comprehensive study on the use of a thin viscoelastic
membrane for the design of a NES in acoustics. They experimentally
investigated the TET between the membrane and the acoustic
medium for both free and forced oscillations. Mariani et al. [11]
conducted a complementary study to show that a loudspeaker
working outside its linear regime can also be an efﬁcient NES. In
these studies [9–11], the ﬁrst acoustic mode of a long tube stands
for the linear system to be controlled, and a weak coupling is set
between the tube and the NES by meaning of a large coupling box.
These conﬁgurations directly reproduced the so-called “grounded
conﬁguration” that was used in the pioneer papers by Gendelman
and Vakakis for analyzing the pumping [12].
In view of applications in the acoustic ﬁeld, one has to consider
more general geometry for the acoustic medium, and for instance, 3D
acoustic cavities should be considered. An important question is then
“If a NES (membrane or loudspeaker) is mounted directly on the wall
of a cavity, can we still observe TET between the NES and the acoustic
modes of the cavity?” The answer is deﬁnitely positive [13] provided
that the placement of the NES on the wall involves a weak coupling
between the NES and the considered acoustic mode.
In this paper, we analyze the TET phenomenon between one given
acoustic mode of a parallelepiped cavity and a membrane NES
mounted on the wall of the cavity. We concentrate on the case where
a harmonic source excitation is applied inside the cavity and we look
for the reduction of the resonance peak by mean of the so-called
“Strongly Modulated Response”. This particular type of response is
characterized by a repetitive occurrence of the TET which permits to
limit the response amplitude of the acoustic mode near its resonance
frequency.
It is now well established that the NES has an interesting self-
tuning property: it is able to reduce several resonance peaks in a given
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frequency band. On the contrary, the level of forcing for which the NES
can work well is limited and in the view of designing acoustic NES for
the cavity, it is very important to be able to predict this range of
forcing level analytically. Finding the threshold value of the forcing
level beyond which SMR begins has been recently addressed in [14,15]
by means of theoretical analysis with multiple time scales and
complexiﬁcation method. The results are however hardly transposable
for our speciﬁc grounded system used in [10]. Here we adopt a
simpliﬁed approach by looking for the ﬁrst destabilization of the
resonance peak under harmonic forcing to determine the level of
forcing beyond which SMR begins. By using a single term harmonic
balance approach for ﬁnding the NNMs and the periodic forced
responses, we manage to derive an analytical formula for the level
of forcing beyond which SMR begins. Moreover, when the level of
forcing becomes higher, an additional branch of periodic regimes
appears with higher amplitudes. This is one of the major drawbacks of
using NES as a vibration and sound absorber reported in several recent
works. Here we also address the level of forcing for the appearance of
the undesired periodic regimes, but by a numerical approach. The two
levels of forcing will be called hereafter “the threshold for the
beginning of TET” and “the threshold for the appearance of undesired
periodic regimes”, and the zone of forcing between the two thresholds
will be called “the desired working zone for the NES”.
The structure of the paper is as follows. In Section 2, the acoustic
cavity and the membrane absorber are modeled as a system with
two degrees of freedom (DOFs) submitted to an harmonic forcing.
The NNMs, the periodic forced responses and their stability are
analyzed. Numerical simulations are also performed to verify the
analytical predictions. In Section 3, we deﬁne the desired working
zone for the NES, establish an analytical formula of the threshold for
the beginning of TET and obtain the threshold for the appearance of
undesired periodic regimes by a numerical approach. Section 4
contains some concluding remarks.
2. Targeted energy transfer under harmonic forcing
2.1. Description of the system
The system considered in this paper is composed of a primary
linear system coupled by a non-linear system NES as shown in Fig. 1.
The primary linear system is an acoustic medium inside a parallele-
piped cavity with dimensions Lx, Ly and Lz. We assume that all the
walls are rigid. The NES is a thin viscoelastic membrane that is moun-
ted on one wall of the cavity. The eigenfrequencies of the acoustic
cavity and the acoustic pressure of a mode marked by the integers l,m
and n are described by the following form:
f lmn ¼
c0
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l
Lx
 2
þ m
Ly
 2
þ n
Lz
 2s
;
prðx; y; z; tÞ ¼ Plmnðx; y; zÞpðtÞ ¼ cos
lπx
Lx
 
cos
mπy
Ly
 
cos
nπz
Lz
 
pðtÞ;
ð1Þ
where Plmn is the mode shape and p(t) is the acoustic pressure
amplitude. The position of the membrane center is deﬁned as
ðxm; ym; zmÞ, (xm¼Lx in Fig. 1).
We assume that the ﬁrst few modes of the cavity are separated
in frequency, and we focus on the interaction between one mode
of the acoustic cavity and the membrane. To analyze the TET
phenomenon, we shall consider a simpliﬁed model with two DOFs
system: one for the acoustic cavity and another one for the NES.
This simpliﬁed model is assumed to be sufﬁcient to analyze the
inﬂuence of the membrane parameters and the inﬂuence of the
membrane position ðxm; ym; zmÞ on the TET phenomenon.
For the equation of the membrane, we take the one DOF model of
Bellet [10] but without the term of linear stiffness for simplicity
(without the pre-stress). In [10], the membrane was mounted on a
coupling box where the acoustic pressure was uniform. This is no
more the case here, but if the size of the membrane is small compared
to the size of the cavity and if we consider the ﬁrst low frequency
mode, we can assume that the acoustic pressure in contact with the
membrane is uniform and equal to the value at the membrane center.
It should be noticed that, again as in [10], the effect of the external
pressure, i.e., outside the cavity, is not taken into account in the
present study. The equation of the membrane is then of the following
form:
mm €qþk1η _qþk3ðq3þ2ηq2 _qÞ ¼
sm
2
Plmnðxm; ym; zmÞpðtÞ; ð2Þ
with
sm ¼ πR2; mm ¼
ρmhsm
3
; k1 ¼
1:0154π5
36
Eh3
ð1ν2ÞR2
;
k3 ¼
8πEh
3ð1ν2ÞR2
;
Plmnðxm; ym; zmÞ ¼ cos
lπxm
Lx
 
cos
mπym
Ly
 
cos
nπzm
Lz
 
: ð3Þ
q(t) is the transversal displacement of the membrane center
(direction Ox in Fig. 1) and p(t) is the acoustic pressure amplitude.
The coefﬁcients k1 and k3 stand for the linear and non-linear
stiffness, respectively. R and h are the radius and the thickness of
the membrane, respectively. E, ν, η and ρm are Young's modulus,
Poisson's ratio, the viscous parameter and the density of the
membrane, respectively.
The acoustic pressure inside the cavity is governed by the
following equations:
∂2pr
∂t2
c20Δpr ¼ 0 in Ω;
∂pr
∂n
¼ 0 on ∂Ω1;
ρa
∂2w
∂t2
¼ ∂pr
∂n
on ∂Ωm ð∂Ω¼ ∂Ω1þ∂ΩmÞ; ð4Þ
where Ω is the internal volume of the acoustic cavity, ∂Ω is the
surface of the acoustic cavity, ∂Ω1 is the surface of the acoustic
cavity without the surface of the membrane, ∂Ωm is the surface of
the membrane. Finally, ρa is the density of the air and c0 is the
sound wave velocity.
From this equation, we perform a Rayleigh–Ritz reduction to
one DOF system by using the mode shape Plmn as a single shape
function for pr and for the test function δprðx; y; zÞ ¼ Plmnðx; y; zÞδp:Z
Ω
∂2pr
∂t2
δprc20Δprδpr
 
dΩ¼ 0;
) ma €pþkap¼ 
ρ2ac
2
0sm
2
Plmnðxm; ym; zmÞ €q; ð5ÞFig. 1. Schema of the acoustic cavity with a membrane.
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where
V ¼ LxLyLz; ma ¼
ρaV
ð2δl0Þð2δm0Þð2δn0Þ
;
ka ¼
ρac20Vπ
2 l
Lx
 2
þ m
Ly
 2
þ n
Lz
 2 !
ð2δl0Þð2δm0Þð2δn0Þ
; ð6Þ
and for δl0; δm0; δn0,
l¼ 0; δl0 ¼ 1; la0; δl0 ¼ 0;
m¼ 0; δm0 ¼ 1;ma0; δm0 ¼ 0;
n¼ 0; δn0 ¼ 1;na0; δn0 ¼ 0: ð7Þ
We account for the acoustic damping by introducing a viscous
term with a coefﬁcient λ, and introduce a forcing term f(t) on the
acoustic cavity. The ﬁnal system with two DOFs is the following:
ma €pþλ _pþkapþ
ρ2ac
2
0sm
2
Plmnðxm; ym; zmÞ €q ¼ f ðtÞ;
mm €qþk1η _qþk3ðq3þ2ηq2 _qÞ
sm
2
Plmnðxm; ym; zmÞp¼ 0; ð8Þ
Notice that the terms of coupling are represented principally by
Plmnðxm; ym; zmÞ, where the important factor is the placement of
the membrane. i.e., if Plmnðxm; ym; zmÞ ¼ 0, the center of the mem-
brane is on a node of the acoustic mode, then the coupling
between the two equations is null.
For convenience, the two equations of the system are divided by
the masses ma and mm respectively, and the acoustic pressure
amplitude p(t) is replaced by the acoustic displacement amplitude
uðtÞ ¼ pðtÞ=ρac0ωlmn, so that the two equation share the same unity,
(accelerations, m/s2). Finally, the system reads
€uþμ _uþω2lmnuþϕ €q ¼ FðtÞ;
€qþμm1 _qþμm2q2 _qþβq3γu¼ 0; ð9Þ
where
μ¼ λ
ma
; ωlmn ¼ πc0
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FðtÞ ¼ f ðtÞ
maρac0ωlmn
;
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k1η
mm
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2k3η
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; β¼ k3
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;
γ ¼ smρac0ωlmn
2mm
cos
lπxm
Lx
 
cos
mπym
Ly
 
cos
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 
: ð10Þ
For illustration, we choose l¼ 0;m¼ 1;n¼ 0, the dimensions of
the cavity are Lx¼1 m, Ly¼2.2 m, Lz¼1.6 m and the position of the
membrane is xm ¼ Lx; ym ¼ Ly=6; zm ¼ Lz=6. The values of the mem-
brane and air parameters are R¼0.04 m, h¼0.00039m, η¼0.00062 s,
E¼1.48MPa, ν¼0.49, ρm ¼ 980 kg m3, ρa ¼ 1:3 kg m3, c0 ¼ 350
m s1 and they are ﬁxed all along this paper.
2.2. Non-linear normal modes
It is important to look for the NNMs of the system, because
the TET phenomenon is caused by a 1:1 resonance capture [2].
In order to analyze the NNMs, we remove the force F(t) and all the
dampings in the system. Then, the system (9) becomes
€uþω2010uþϕ €q ¼ 0;
€qþβq3γu¼ 0: ð11Þ
A simpliﬁed analysis of the NNMs by using a harmonic balance
method (HBM) with a single term is adopted here. We express the
motions of the system as follows uðtÞ ¼ u1c cos ðωtÞ and qðtÞ ¼
q1c cos ðωtÞ. Introducing this ansatz into the system (11) and
neglecting the higher harmonics in 3ω, the following two alge-
braic equations are obtained:
ðω2010ω2Þu1cϕω2q1c ¼ 0;
γu1cω2q1cþ
3
4
βq31c ¼ 0: ð12Þ
Eqs. (12) can be easily solved in closed form, the displace-
ments u1c and q1c are obtained as the function of the angular
frequency ω:
q1c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4
3β
ω2 γϕω
2
ω2ω2010
 !vuut ;
u1c ¼ 
ϕω2
ω2ω2010
q1c: ð13Þ
The solutions u1cðωÞ and q1cðωÞ calculated are reported in Fig. 2. In
Fig. 2(a) and (b), there are two curves corresponding to the two NNMs
of the system. For the sake of clarity, we choose two frequencies 79 Hz
and 80 Hz of the two NNMs to plot the corresponding mode shapes in
Fig. 2. The NNMs S11þ and S11 of the system. (a) Acoustic amplitude u1c, (b) membrane amplitude q1c, (c), (d) the amplitudes of u(t) and q(t) at 79 Hz and 80 Hz.
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Fig. 2(c) and (d). For the ﬁrst NNM, u(t) and q(t) vibrate in phase, while
for the second NNM, u(t) and q(t) vibrate out of phase. As the motions
of the two oscillators u(t) and q(t) are assumed to be synchronous
with the same frequency (1:1 resonance capture) (here we use the
same notation as [16]), we call the ﬁrst NNM as the NNM S11þ , and
the second NNM as the NNM S11 .
2.3. Response to periodic forcing
We now look for the periodic forced solutions of the system (9)
when the forcing term F(t) is harmonic with a single angular
frequency ω. We restrict the analysis to 1:1 fundamental reso-
nance by applying the HBM with a single harmonic term. Since the
non-linear terms of (9) are of the forms q3 and q2 _q, it is worth to
choose a phase condition on q(t) instead of F(t) to get an easy
calculation. We set _qð0Þ ¼ 0, and take the force F(t) and the
displacements u(t) and q(t) in the following form:
FðtÞ ¼ F1c cos ðωtÞþF1s sin ðωtÞ;
uðtÞ ¼ u1c cos ðωtÞþu1s sin ðωtÞ;
qðtÞ ¼ q1c cos ðωtÞ ð14Þ
Introducing (14) into Eqs. (9), and neglecting the higher harmonics
in 3ω, we obtain the following four algebraic equations for the six
unknowns F1c, F1s, u1c, u1s, q1c and ω:
ðω2010ω2Þu1cþμωu1sϕω2q1c ¼ F1c;
ðω2010ω2Þu1sμωu1c ¼ F1s;
3
4
βq31cω2q1cγu1c ¼ 0;
1
4
μm2ωq
3
1cμm1ωq1cγu1s ¼ 0: ð15Þ
It will be useful to introduce the amplitudes F1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F21cþF21s
q
and
u1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u21cþu21s
q
of the previous functions F(t) and u1ðtÞ. In the
algebraic equations (15), there is only one non-linear term which
is q31c . So, taking the amplitude q1c and the angular frequency ω as
the master parameters, closed form expressions can be easily
obtained for the response surfaces. A set of solutions of (15) for
different ﬁxed levels of forcing F1 is shown in Fig. 3(b) and (d),
which are a zoom in the range of the frequency [79.8 Hz, 81 Hz].
The gradual color indicates the level of forcing F1: the blue curve
for a low level of forcing F1 and the red one for a high level of
forcing F1 (the same meaning applies for the following ﬁgures).
The NNMs S11þ and S11 of the system with the absolute values
of the amplitudes are shown in Fig. 3(a) and (c). We can see that
extrema of the periodic forced solutions correspond well with
the NNMs of the system and the curves of the periodic forced
responses around 79.55 Hz remain ﬁrstly in the vicinity of the
NNM S11 for the low level of forcing F1, then in the vicinity of
the NNM S11þ for the high level of forcing F1.
2.4. Stability analysis
Here we use a harmonic-based Floquet theory [17] combined
with a harmonic balance continuation of periodic solutions [18] to
determine the stability of the NNMs S11þ and S11 and of the
periodic forced responses of the system (9).
We use 12 harmonics to get accurate results. The stability of the
NNMs S11þ and S11 of the system is shown in Fig. 4(a) and (c),
where we can see that the NNM S11 of the system becomes
unstable when u(t) reaches the maximum point of the NNM S11 .
Fig. 4(b) and (d) shows the stability of the periodic forced responses
for 10 levels of forcing F1. We can see that the curves of the NNMs
S11þ and S11 and the periodic forced responses of the system are
very close to those of Fig. 3 showing, in passing, that the one
harmonic simpliﬁed solutions (15) is relevant. Where when the level
of forcing F1 is low (for example, in Fig. 5(d) F1 ¼ 0:01;0:05), the
curves of the periodic forced responses have one resonance peak and
are stable everywhere. Increasing the level of forcing F1 (F1 ¼ 0:2;
0:4;0:8), the curves of the periodic forced responses present an
unstable part, where the amplitudes u1 get lower. The two points of
destabilization and restabilization of the periodic forced responses
occur for the same value of the amplitude u1, which is the same as
that of destabilization of the NNM S11 . The periodic forced
responses are limited at this value of the amplitude u1 and ﬁnally
become a plateau. When the level of forcing F1 is higher, additional
branches of periodic regimes appear with higher amplitudes, just like
in [8]. In Fig. 4(b) and (d), the additional branches look like some
“closed loops” for the level of forcing F1 ¼ 1:2;1:4;1:5. When the level
of forcing F1 increases again (F1 ¼ 1:5;1:57;1:7), the closed loop
merges with the lower branch of periodic forced response and a
new resonance peak appears with a lower frequency than the
original peak.
2.5. Numerical simulation
In this section, we verify the analytical predictions developed
above by using the 4th and 5th order Runge–Kutta method to
integrate the system (9). We will here consider three levels of forcing
F1 ¼ 0:05;0:8;1:2 among the 10 excitation levels used previously and
only focus the three phenomena in stability analysis without con-
sidering the transitions between them. In order to easily capture the
periodic solutions with high amplitudes, we choose large amplitudes
and velocities as the initial conditions of numerical simulation. In
these simulations, the solutions uð0Þ ¼ 0:002288; _uð0Þ ¼ 1:14; qð0Þ ¼
0:009061; _qð0Þ ¼ 4:52 (neighborhood of the closed loop solutions in
Fig. 4(d)) are chosen and the frequency of excitation is varied inside
the range [78.5 Hz, 81 Hz].
In numerical simulations, we can see that the solutions show
two regimes: the periodic regime and the quasi-periodic energy
pumping regime (SMR). The maximal periodic regime amplitudes
and the maximal SMR regime amplitudes obtained by numerical
integration are plotted together with the analytical responses of
the system in Fig. 5(a)–(c). The numerical periodic regimes are
marked with circles, while SMR regimes are marked with ﬁlled
diamonds. We can see that for the level of forcing F1¼0.05, there is
no SMR and no TET, as shown in Fig. 5(a). For the level of forcing
F1¼0.8, there is SMR and TET in the range of frequency [79.4 Hz,
79.8 Hz] which corresponds well with the range of unstable
periodic forced solutions, as shown in Fig. 5(b). Here, for the
certain level of forcing of F1, when the resonance peak begins to
deform, the ﬁrst unstable periodic forced solution will appear,
namely that the TET phenomenon begins to occur. For the level of
forcing F1¼1.2, in the range of the frequency [79.38 Hz, 79.95 Hz],
there is not only SMR, but also the additional periodic forced
responses with high amplitudes, which are the undesired
periodic regimes for the NES, as shown in Fig. 5(c). In Fig. 5(d),
an example of SMR under the time series is presented for the
level of forcing F1¼1.2 and the frequency of excitation 79.7 Hz.
Therefore, numerical simulations are in line with the analytical
predictions.
3. Deﬁnition of the desired working zone for the NES
We have already described the beginning of the TET phenom-
enon and the appearance of an additional branch of periodic
regimes of the system. Here, the two levels of forcing F1 corre-
sponding to the beginning of TET and to the appearance of the
additional branch are called “the threshold for the beginning of
TET” and “the threshold for the appearance of undesired periodic
regimes”. The zone of forcing F1 between the two levels is called
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“the desired working zone” for the NES. To determine this desired
working zone, we analyze the extrema of the curves of periodic
forced responses u(t) versus ω for a constant level of forcing F1.
When the level of forcing F1 is low and below the threshold for the
beginning of TET, there is only one extremum on the curve, as
shown in Fig. 5(a). When the level of forcing F1 reaches the
threshold for the beginning of TET, the resonance peak begins to
deform and three extrema appear as shown in Fig. 5(b). When the
level of forcing F1 reaches the threshold for the appearance of
undesired periodic regimes, the additional branch appears, and
henceforth, there are more than three extrema, for instance we
can see ﬁve extrema in Fig. 5(c).
According to these ﬁndings, it is worth to plot the location of
the extrema in the plane (ω, F1), as done in Fig. 6. The desired
working zone for the NES is between the two lines in Fig. 6, for
which we have exactly three extrema.
In Fig. 6, we can see that on the threshold for the beginning of
TET, there is a transition from one to three extrema in the response
curves, while on the threshold for the appearance of undesired
periodic regimes, there is a transition from three to ﬁve extrema in
the response curves. To look for the two thresholds, we recall the
formula of the level of forcing F1 based on Eqs. (15):
u1c ¼
1
γ
3
4
βq31cω2q1c
 
;
u1s ¼ 
1
γ
1
4
μm2ωq
3
1cþμm1ωq1c
 
;
F1c ¼ ðω2010ω2Þu1cþμωu1sϕω2q1c;
Fig. 3. (a), (c) The NNMs S11þ and S11 , (b), (d) responses to periodic forcing of the system for F1 ¼ ½0:01 : 0:2 : 2. (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this paper.)
Fig. 4. (a), (c) Stability of the NNMs, (b), (d) the periodic forced responses of q(t) and u(t) with stability for 10 excitation levels F1 ¼ 0:01;0:05;0:2;0:4;0:8;1:2;1:4;
1:5;1:57;1:7. Solid lines refer to the periodic regime solutions and dotted lines refer to the unstable solutions.
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F1s ¼ ðω2010ω2Þu1sμωu1c;
F1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F21cþF21s
q
: ð16Þ
A direct analysis of Eqs. (16) for the two thresholds is too
complex and in the following section, we will adopt a simpliﬁed
approach by associating the NNMs S11þ and S11 of the system
to determine the two thresholds.
3.1. An analytical expression of the threshold for the beginning of TET
In Figs. 4(d) and 6, when the extremum of the forced response
reaches the maximum point (limit point) of the NNM S11 with
respect to u1ðtÞ, the resonance peak begins to deform and three
extrema appear. Therefore, the threshold for the beginning of TET
is the value of F1 when the extremum reaches this limit point.
We recall the expressions of the NNM S11 given by Eqs. (13):
u1c ¼ 
ϕω2
ω2ω2010
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4
3β
ω2 γϕω
2
ω2ω2010
 !vuut ;
q1c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4
3β
ω2 γϕω
2
ω2ω2010
 !vuut : ð17Þ
By deriving u1c over ω, and posing du1c=dω¼ 0, the value ω of the
angular frequency of the limit point is obtained as follows:
ω ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ω2010ω010
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ω20103γϕ
qr
: ð18Þ
Then, the values of the two amplitudes u1c and q1c for the limit
point are obtained by Eqs. (17) and (18):
u1c ¼ u1cðωÞ;
q1c ¼ q1cðωÞ: ð19Þ
Inserting Eq. (18) and the second equation of (19) into (16), we
get a point on the response surface which is very close to the
mathematically exact point for the beginning of TET:
u1c ¼
1
γ
3
4
βq1c
3ω2q1c
 
;
u1s ¼ 
1
γ
1
4
μm2ω q1c
3þμm1ω q1c
 
;
F1c ¼ ðω2010ω2Þu1cþμω u1sϕω2q1c ;
F1s ¼ ðω2010ω2Þu1sμω u1c ;
F1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F1c
2þF1s
2
q
: ð20Þ
Fig. 5. (a)–(c) Numerical simulations for three levels of forcing F1¼0.05, F1¼0.8 and F1¼1.2, respectively. Periodic regimes are denoted with circles and SMR regimes are
denoted with ﬁlled diamonds. The curve with solid and dotted lines refer to the analytical solutions. (d) An example of SMR for the level of forcing F1¼1.2 and the frequency
of excitation 79.7 Hz.
Fig. 6. Location of the extrema in the plane (frequency, F1).
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Here, with u1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u1c
2þu1s2
q
, the expression of the value of the
limited amplitude, namely the value of the plateau, is also
obtained:
u1 ¼
1
γ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
4
βq1c
3ω2q1c
 2
þ 1
4
μm2ω q1c
3þμm1ω q1c
 2s
: ð21Þ
Based on the ﬁrst equation of (12), the expression for F1c can be
simpliﬁed as F1c ¼ μω u1s . Finally, the analytical expression Fb of
the threshold for the beginning of TET is
Fb ¼ F1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðμω u1s Þ2þððω2010ω2Þu1sμω u1c Þ2
q
; ð22Þ
with ω;u1c ;u1s given by (18) and (20).
3.2. The threshold for the appearance of undesired periodic regimes
A 3D plot of the periodic forced response surface of q(t) versus
ω is reported in Fig. 7(a). We can see that over a certain level of
forcing F1, additional branches of periodic forced responses appear,
as closed loops, and remain in the vicinity of the NNM S11þ in
Fig. 3(a) and (b). The ﬁrst appearance of a closed loop corresponds
to the threshold for the undesired periodic regimes.
It can be obtained by analyzing the extrema of the periodic
forced response curves q(t) versus ω. Adding the condition ∂F1=∂ω
¼ 0 to the set of Eqs. (16) that deﬁnes the response surface, we get
a curve of extrema which is represented on the plane (q1c, F1) in
Fig. 7(b) and on the plane (ω, q1c) in Fig. 7(c).
So we can use once again the solution q1c of the NNM S11þ
(the ﬁrst equation of (13) with ωoω010) to perform the analysis.
By introducing the ﬁrst equation of (13) into Eqs. (16), we obtain a
formula for the level of forcing F1, which is long but which
depends only on ω (ωoω010Þ:
q1c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4
3β
ω2 γϕω
2
ω2ω2010
 !vuut ;
u1c ¼
1
γ
3
4
βq31cω2q1c
 
;
u1s ¼ 
1
γ
1
4
μm2ωq
3
1cþμm1ωq1c
 
;
F1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ððω2010ω2Þu1cþμωu1sϕω2q1cÞ2þððω2010ω2Þu1sμωu1cÞ2
q
:
ð23Þ
The curve corresponding to Eqs. (23) is plotted in red curve for
the range of frequency [79 Hz, 80 Hz] in Fig. 8. The minimum point
on that curve is the required threshold Fe for the appearance of the
undesired periodic regime. Here, deriving the last equation in Eqs.
(23) to ﬁnd the extrema analytically is too elaborate and we have
rather found the threshold Fe by using a numerical approach (Fe¼
0.899). In Fig. 8, we can see that there is a little difference between
the threshold Fe obtained from Eqs. (23) and the real threshold
obtained from an exact numerical analysis of the extrema of the
system (16) (here, we do not simulate the value of the exact
numerical analysis). The difference is however very acceptable in
the perspective of designing a NES.
Fig. 7. (a) Contour of the amplitudes of q(t) depending on the level of forcing and the frequency. F1 ¼ ½0:01 : 0:2 : 2, (b) the extrema on the plane (q1c, F1), (c) the extrema
with the NNMs S11þ and S11 (black curves) on the plane (frequency, q1c). CL stands for the ﬁrst appearance of a closed loop.
Fig. 8. The level of forcing F1 for the threshold Fe (red curve) and the desired
working zone for the NES. (For interpretation of the references to color in this
ﬁgure legend, the reader is referred to the web version of this paper.)
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4. Conclusion
In the paper, we have studied the TET phenomenon under
harmonic forcing of an acoustic medium inside a parallelepiped
cavity coupled to a thin viscoelastic membrane mounted on one wall
of the cavity. The expressions for the NNMs and the periodic forced
responses of the system are determined by using a single term
harmonic balance approach. Based on the analysis of the stability of
the NNMs and of the periodic forced responses, we have analyzed
the beginning of TET phenomenon and ﬁnally deﬁned the desired
working zone for the NES, i.e., the zone where resonant periodic
solutions are replaced by lower amplitude strongly modulated
responses. The threshold Fb for the beginning of TET is given by an
analytical formula, while the threshold Fe for the appearance of
undesired periodic regimes is determined semi-numerically. Numer-
ical veriﬁcations are in line with the analytical predictions. The
results will be very useful for the practical design of the NES to be
mounted on the acoustic cavity. By using formula (22) (and also (23))
one can estimate the numbers of the NES, the place of the NES and
the parameters of the NES that has to be used for reducing low
frequency resonances inside a given acoustic cavity.
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